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Abstract
We obtain optimal equivalence constants for certain families of matrix norms. Our results
generalize inequalities of Goldberg [Linear and Multilinear Algebra 21 (1987) 173].
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In what follows all scalars are complex. Let lnp be the Banach space of all n-tuples
x = (x1, . . . , xn) ∈ Cn equipped with the norm
|x|p =


(
n∑
j=1
|xj |p
)1/p
(1  p < ∞),
max
1jn
|xj | (p = ∞).
The vector space Cm×n of all complex m × n matrices A = (aij ) can be given
many natural norms. We focus on the (p, q)-norm,
|A|pq =
(
n∑
j=1
(
m∑
i=1
|aij |p
)q/p)1/q
(1  p, q ∞),
and the (p, q)-operator norm,
‖A‖pq = max{|Ax|q: |x|p  1} (1  p, q ∞).
In the special case that p = q, we call these norms the p-norm and p-operator norm,
respectively.
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For fixed m and n these norms are all equivalent, and our objective is to investigate
the equivalence constants among them.
Using the expression
λpq(n) :=
{
1, p  q,
n1/p−1/q, p < q,
Goldberg, [2], computed in 1987 the following equivalence constants.
Theorem 1 [2, Theorem 1]. Let 1  p, q ∞. Then for all A ∈ Cm×n,
|A|p  λpq(mn)|A|q, (1)
‖A‖p  λpq(m)λqp(n)‖A‖q, (2)
‖A‖p  λpq(m)λq ′p(n)|A|q, (3)
where these inequalities are sharp.
As usual, by saying that an inequality of this sort is sharp, we mean that there is
some non-zero matrix A for which there is equality.
In [2], Goldberg posed the following problem.
Problem 1. Determine the best (least) constant µ = µ(m, n, p, q) such that
|A|p  µ‖A‖q
for all A ∈ Cm×n.
In 2000, Tonge [5] completely answered Goldberg’s problem up to a numerical
constant independent of the dimensions of the matrix.
The relationships between the more general (p, q)-norms and (p, q)-operator
norms are much less understood. In 1986, Goldberg [1] proved the following result.
Theorem 2 [1, Lemma 3.2]. Let 1  p, q, r ∞. Then for all A ∈ Cm×n,
|A|pq  λpr(m)λqr(n)|A|r . (4)
Goldberg did not observe that this inequality is sharp. In Theorem 5, we shall
prove that this is indeed the case.
Later in 1995, Klaus and Li [3] gave results which are more precise but less gen-
eral than those in Theorem 2.
Theorem 3 [3, Theorem 3.3]. Let 1  p, q ∞. Then for all A ∈ Cm×n,
λ−12p (m)λ
−1
2q (n)|A|2  |A|pq  λp2(m)λq2(n)|A|2, (5)
where these inequalities are sharp.
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Klaus and Li also investigated the relationship between the (p, q)-operator norm
and the 2-norm.
Theorem 4 [3, Theorem 4.3]. Let 1  p, q ∞. Then for all A ∈ Cm×n,
‖A‖pq  λq2(m)λ2p(n)|A|2, (6)
where this inequality is sharp.
Motivated by Goldberg’s inequalities and Klaus and Li’s work we are naturally
led to a more general question.
Problem 2. Given integers m and n, and real numbers 1  p, q, r, s ∞, deter-
mine the best constants a, b, c, and d (depending on m, n, p, q, r, s) such that or
all A ∈ Cm×n,
|A|pq  a|A|rs , (7)
‖A‖pq  b‖A‖rs , (8)
‖A‖pq  c|A|rs , (9)
|A|pq  d‖A‖rs . (10)
In this article we determine the values of a, b, and c. The question of determining
the constant d we will be addressed in a forthcoming paper, where we use different
method from the ones used here.
In order to determine the constant a in (7) we shall need two lemmas, the first of
which can be found in [2,5].
Lemma 1. Let 1  p, q ∞, and let In : lnp → lnq be the identity operator. Then
‖In‖pq = nmax(1/q−1/p,0)
and for all x ∈ Cn,
|x|q  λqp(n)|x|p.
For our second lemma we define the following m × n matrices:
E(m, n) :=


1 0 · · · 0
0 0 · · · 0
...
...
...
0 0 · · · 0

 , C(m, n) :=


1 0 · · · 0
1 0 · · · 0
...
...
...
1 0 · · · 0

 ,
R(m, n) :=


1 1 · · · 1
0 0 · · · 0
...
...
...
0 0 · · · 0

 , J (m, n) :=


1 1 · · · 1
1 1 · · · 1
...
...
...
1 1 · · · 1

 .
(11)
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Lemma 2. Let 1  p, q ∞. Then
|E(m, n)|pq = 1, ‖E(m, n)‖pq = 1,
|C(m, n)|pq = m1/p, ‖C(m, n)‖pq = m1/q,
|R(m, n)|pq = n1/q, ‖R(m, n)‖pq = n1−1/p,
|J (m, n)|pq = m1/pn1/q, ‖J (m, n)‖pq = m1/qn1−1/p.
Proof. These results follow immediately from the definitions of the (p, q)-norms
and the (p, q)-operator norms. 
We are now ready to prove:
Theorem 5. Let 1  p, q, r, s ∞. Then for all A ∈ Cm×n,
|A|pq  λpr(m)λqs(n)|A|rs , (12)
where this inequality is sharp.
Proof. Denote the column vectors of A by a1, . . . , an. Notice that
|A|pq = |(|a1|p, . . . , |an|p)|q .
By a repeated application of Lemma 1,
|A|pq  λqs(n)|(|a1|p, . . . , |an|p)|s
 λqs(n)λpr(m)|(|a1|r , . . . , |an|r )|s
= λpr(m)λqs(n)|A|rs .
This establishes inequality (12).
To prove sharpness we need a case-by-case argument. Note that
λpr(m)λqs(n) =


1, p  r, q  s,
m1/p−1/r , p < r, q  s,
n1/q−1/s, p  r, q < s,
m1/p−1/rn1/q−1/s, p < r, q < s.
By Lemma 2, for p  r and q  s,
|E(m, n)|pq = 1 = λpr(m)λqs(n)|E(m, n)|rs;
for p < r and q  s,
|C(m, n)|pq = m1/p = m1/p−1/rm1/r = λpr(m)λqs(n)|C(m, n)|rs;
for p  r and q < s,
|R(m, n)|pq = n1/q = n1/q−1/sn1/s = λpr(m)λqs(n)|R(m, n)|rs;
and for p < r and q < s,
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|J (m, n)|pq = m1/pn1/q = m1/p−1/rn1/q−1/sm1/rn1/s
= λpr(m)λqs(n)|J (m, n)|rs .
This shows that inequality (12) is sharp. 
Note that inequalities (1), (4), and (5) are special cases of inequality (12). We now
turn to the task of computing the constant b in (8).
Theorem 6. Let 1  p, q, r, s ∞. Then for all A ∈ Cm×n,
‖A‖pq  λqs(m)λrp(n)‖A‖rs , (13)
where this inequality is sharp.
Proof. Consider the composition of maps
lnp
In−→ lnr A−→ lms Im−→ lmq ,
where In and Im are identity maps. Since A = ImAIn, Lemma 1 yields
‖A‖pq = ‖ImAIn‖pq  ‖Im‖sq‖A‖rs‖In‖pr = λqs(m)λrp(n)‖A‖rs ,
so inequality (13) holds.
To check sharpness, we need another case-by-case investigation. We begin by
noting that
λqs(m)λrp(n) =


1, r  p, q  s,
m1/q−1/s, r  p, q < s,
n1/r−1/p, r < p, q  s,
m1/q−1/sn1/r−1/p, r < p, q < s,
and again use the matrices E(m, n), C(m, n), R(m, n) and J (m, n) in (11).
By Lemma 2, if r  p and q  s, then
‖E(m, n)‖pq = 1 = λqs(m)λrp(n)‖E(m, n)‖rs;
if r  p and q < s, then
‖C(m, n)‖pq = m1/q = m1/q−1/sm1/s = λqs(m)λrp(n)‖C(m, n)‖rs;
if r < p and q  s, then
‖R(m, n)‖pq = n1−1/p = n1/r−1/pn1−1/r = λqs(m)λrp(n)‖R(m, n)‖rs;
and if r < p and q < s, then
‖J (m, n)‖pq = m1/qn1−1/p = m1/q−1/sn1/r−1/pm1/sn1−1/r
= λqs(m)λrp(n)‖J (m, n)‖rs .
Thus, inequality (13) is sharp. 
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Note that inequality (2) is a special case of inequality (13). Turning our attention
to the constant c in (9), we begin by recalling (e.g. [4, Theorem 4.5-2]) that if X
and Y are Banach spaces with dual spaces X′ and Y ′, and if T is a bounded linear
operator from X to Y , then T ′, the adjoint of T , is a bounded linear operator from Y ′
to X′ satisfying
‖T ‖ = ‖T ′‖. (14)
In particular, if X = lnr and Y = lms , then X′ = lnr ′ and Y ′ = lms′ , where 1/r +
1/r ′ = 1 and 1/s + 1/s′ = 1. Further, if A ∈ Cm×n, then A can be seen as an oper-
ator from lnr to lms with norm ‖A‖rs , and its adjoint, the transpose of A is an operator
from ln
s′ to l
m
r ′ with norm ‖At‖s′r ′ . Thus, in view of (14), we have established the
well-known result (see also [3, p. 317]).
Lemma 3. For each A ∈ Cm×n and 1  r, s ∞,
‖A‖rs = ‖At‖s′r ′ .
Using this lemma, we can now prove:
Lemma 4. Let 1  r, s ∞. Then for all A ∈ Cm×n,
‖A‖s′r  |A|rs , (15)
where this inequality is sharp.
Proof. By Lemma 3 and Hölder’s inequality, we have
‖A‖s′r = ‖At‖r ′s
= max
|x|r′1
(
n∑
j=1
∣∣∣∣∣
m∑
i=1
aij xi
∣∣∣∣∣
s)1/s
 max
|x|r′1
(
n∑
j=1
(
m∑
i=1
|aij |r
)s/r( m∑
i=1
|xi |r ′
)s/r ′)1/s
=
(
n∑
j=1
(
m∑
i=1
|aij |r
)s/r)1/s
= |A|rs .
Since |E(m, n)|rs = 1 and ‖E(m, n)‖s′r = 1, inequality (15) is sharp. 
We now have all the tools we need to determine the value of c in (9).
Theorem 7. Let 1  p, q, r, s ∞. Then for all A ∈ Cm×n,
‖A‖pq  λqr(m)λs′p(n)|A|rs , (16)
where this inequality is sharp.
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Proof. By Theorem 6, we have
‖A‖pq  λqr(m)λs′p(n)‖A‖s′r ,
so by Lemma 4, (16) follows.
To check sharpness, note that
λqr(m)λs′p(n) =


1, q  r, s′  p,
m1/q−1/r , q < r, s′  p,
n1−1/p−1/s, q  r, s′ < p,
m1/q−1/rn1−1/p−1/s, q < r, s′ < p.
Thus, if q  r and s′  p,
‖E(m, n)‖pq = 1 = λqr(m)λs′p(n)|E(m, n)|rs;
if q < r and s′  p,
‖C(m, n)‖pq = m1/q = m1/q−1/rm1/r = λqr(m)λs′p(n)|C(m, n)|rs;
if q  r and s′ < p,
‖R(m, n)‖pq = n1−1/p = n1−1/p−1/sn1/s = λqr(m)λs′p(n)|R(m, n)|rs;
and if q < r and s′ < p,
‖J (m, n)‖pq = m1/qn1−1/p = m1/q−1/rn1−1/p−1/sm1/rn1/s
= λqr(m)λs′p(n)|J (m, n)|rs .
Hence, we have shown that inequality (16) is sharp. 
Note that inequalities (3) and (6) are special cases of the inequality (16).
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